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is more convenient to speak of the variable x than the variable number rep- 
resented by x. Hence the symbol definition of a variable has a slight advan- 
tage with respect to brevity and it makes it easier for those whose desire to 
avoid the term variable number. 

The main object of the preceding remarks is to call attention to the 
principal elements involved in the different definitions of the term variable, 
and to give some reasons for the existence of these differences. The 
teacher is frequently called on to justify his views on points where different 
usages exist and it is desirable to be able to give references as well as reas- 
ons even if the difference appears somewhat trivial. If all numbers were 
essentially constants I presume most of us would agree with the foot-note 
quoted from Cesaro to the effect that there is no such thing as an infinite 
number, for we cannot conceive of any constant number which has such a 
distinctive character; but it is not so difficult to conceive of a variable which 
increases without limit and it is convenient to express this concept by saying 
that the variable is infinite. The ideas of infinite number and variable 
number are therefore closely related. The existence of the number zero, on 
the contrary, does not necessarily involve the concept of variability. 


NOTE ON A FORMULA FOR THE SUMMATION OF CERTAIN 
POWER SERIES. 


By HENRY KEMMERLING, Scranton, Pa. 


Weierstrass’s factor-theorem* is 


n=1 n 


Gz IT +f1/(n—1)) 


where fx has zeros at the points a1, 2, @s, ... 
Taking logarithms and differentiating, 


ogy 3 (42-414 


Then if (G2- Ge ) is Px, we have 


*Harkness and Morley’s Introduction to Analytic F’ 
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Gn 


n=1 


1 an? 


Maclauren’s formula is 


x” 


Comparing the general terms of (1) and (2), we have 


(3) | 


As an application of (3) take 6, whose zeros a,, 


Qe, a3, are l, 2, 3. 
S —12¢+11. 


11—12%+82° 
fe +2” 


which by division, 


Using (3), and reducing, we have, 


Again let fe=1—-sin5”, which has two zeros at each of the points 
¥i1, +5, 


fa= 


ee (=/2) cos(= 2/2) 
1—sin(= 2/2) ’ 
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(2). 
py = 
n! 
af 
1 1 


— (8/8) cos(= 2/2) 
Pe [1—sin(=2/2)]? ’ 
Pg 6) sin (= [1—sin(= 2/2) ]— (=*/8) cos? (= 2/2) 
[1—sin (= a/2) ; 


.P0=—7/4, P’0=—7*/8, P"0=—7*/8. 


Applying (3), 


Reducing above we get the familiar series, 


- = 
q 
(2) 

x — 
Vi, 
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NOTES ON THE RADICAL AXIS AND THE QUADRILATERAL. 


By WILLIAM GALLATLY, Boscombe, England. 


I. THE RADICAL AXIS. 


1. If d be the distance of a point P from the center of a circle X of 
radius x, then +(d?—z*) is called the power of P with respect to X. ABC 
being the triangle of reference, let p,’, 7.2, e¢ be the powers-of A, B, C, 
and let the circle X have the equation 


(la+mé+ny) =0. 


Now if S=0 be any conic, and if S’ be the value of S when the coordinates of 
P, Cartesian or trilinear, are substituted for the general coordinates, it is 
known that S’ is proportional to the power of P. Hence, for the point A, 
?=k.24.124/a; for A is (24/a, 0, 0). Hence kl=4/44 

The radical axis of the circles X and ABC is thus 


ap 
And the circle X takes the form 


A 


ay (a2+b8+ey) (ap =0. 


2. We now proceed to find the radical axis of the circle ABC, and (1) 
the in-circle; (2) the nine point circle; (3) the polar circle; (4) the circle on 
Hb (H being the orthocenter). 

For (1), ¢2;=(s—a)*; so that the radical axis is a(s—a)?.¢+....=0. 

For (2), N being the nine point center, 


p?=AN* —Nd?=Ad?+2.Ad.dN.cos(B—C) 
=R*cosA [eosA +cos(B—C)]=2R?cosA sinB sinC. 
‘Hence ap,” varies as cosA. The radical axis is cosA.z+....=0. 
For (8). The polar circle has center H, and x*==-—4R*cosA cosB cosC. 
Therefore, »,,>=—AH*—k*=4R*cos?A+4R’cosA cosB cosC=4R? cosA sinB 


xsinC. Hence ap,? varies as cosA, and the radical axis is cosA.¢+....=-0. 
For (4). Let ~ be the mid-point of GH. 


?=2(Av* =2(Av? +H?) —Hb?=Ab?+AH? 
=4R cosA.%.2R sinB sinC. 


in 
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Hence ap,* varies as cosA, and the radical axis is cosA.«+....=0. 

8. To determine the radical axis of the nine point circle, and (1) cir- 
eum-circle, (2) in-circle. 

It is now convenient to take the mid-point triangle DEF as triangle 
of reference. 

If («''y') and (48) be the old and new coordinates of a point, then 
a’ +a=$, A D'=2A /a; all symbols now referring to DEF, so that az’ =b + cr; 
and l2-+m + ny=0 becomes 


Hence cosA.2+....=0, becomes a*<+....=0. 
For (1), x=2R; d=OD=2R cosA. 
Hence Therefore 
ap? varies as a*, so that the radical axis is 
a’,2+,...=0, agreeing with Art. 2 (1). 
For (2), ,2=(b—c)?; so that the radical axis is a(b—e)?.2+b(ce—a)*.8 
+c(a--b)?.y=0. But this is the tangent to a/<+....=0 (the nine point 


circle) at 
+.) 
c--a 


Hence (Feuerbach’s Theorem), the nine point and in-circles touch; the point 
of contact being 


(525 
b-—c’ c-a’ 


II. THE QUADRILATERAL. 
1. Let the triangle ABC be cut by the straight line 


in the points A’, B’, C’. Bisect AA’, BB’, CC’ in Ay, By, Ci. 
and b3++-cr=a-, 
= in. with similar expressions for B’. Hence 
mn 


A'B’ is (l+m—n) 


3 of ag 
is 
A, 
on 
a4 bs cr 
——-+ —=0 
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the symmetry of the equation showing that C’ is also on this line. 
2. If BCB'C’ is circumscriptible to a circle, then the mid-point line 
passes through the center. The in-circle of ABC is y [a(s—a).¢+....= 


If A'B'C is a tangent, then +....=0, or (m+n—lat....=0, 


Hence the centre (1, 1, 1) lies on the mid-point line. 
3. The orthocenters of the four triangles ABC, AB'C’, BC'A’', CA'B, 
are collinear. 
The perpendiculars from B’ on AB, and 
C’ on AC, are found to be 


na.cosA.2+ (le—na cosB)f+le cosA.r=0. 
ma.cosA.2+lb cosA.2+ cosc)y=0. 


By subtraction we obtain the symmetrical 
equation 


(m—n)cosA.«+ (n—l) cosB.2 + (l—m) cosC.7=0, 


which proves the proposition. 
4. To find the equations of the circles AB'C’, BC'A', CA'B’. Let the 


equation of AB’C' be 
aby b8 + cy) +n’'y) (I obviously zero). 


l a‘l—m 


Hence, the of AB'C’ is 


so that, if the circle AB’C’ cuts the circle ABC in D, the equation to AD is 


It follows that the circles AB’C’, BC'A', CA'B cut_the circle ABC in the 


same point D, whose coordinates are ( ). 
m—n’- n—l’ 


lie 
\ Sc 
A 
ca 
| 
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5. The condition that BCB’C’ may be cyclic, or that B’C’ may be anti- 


parallel to BC. In this case it can be at once proved geometrically that D 


b8 


lies on AA’ or “—T =O. Hence the required condition is 


b? 2 


c 
m(m—n) + n(l—m) =0. 


6. The Simson Line of D. 
The Simson line of (4’4’r') is known to be 


So that the Simson line of D is 


0. 


m—n 
la—mb cosC— ne cosB 


=0. 


The equation to Simson line which makes angles ?,, 9,, 9, with the 
sides of ABC is acot@,.4+....=0. 
Hence, for the Simson line of D, 


acot@, varies as 
la—mb cosC— 


ne cosB’ 


7. To determine the radical axis of the circle on AA’ as diameter, and 
the circle ABC. . 
Applying the ‘power’ method to the circle AA’, 


=AB?* + 


Hence, bp? =abe cosB.—"_. So cosC.—". So that the radi- 


cal axis is ncosB.2—mcosCy=0. And the circle on AA’ is 


adr +bra-+ 008 + (aa +b3-+er) 


cosB.2—m cosC.y )=0 


Draw AE perpendicular to BC, then E lies on the circle AA’. Its co- 
ordinates are (0, bsinC cosC, csinBcosB). Hence the circle AA’ is 


- 
° 
'B 
a 
. 


ncosB.28—m wih 


aby + cr) ( 


It follows that the radical axis of AA’, BB’, is 


nceosB.f—meosC.y 
n—l 
or (m—n)cosA.«+ (n—l)cosB.2+ (l—m) cosC.r=0, 


the symmetry of the equation showing that it is the radical axis of all three | 
circles AA’, BB’, CC’. This radical axis is also the line of the four orthocen- | 
ters (Art. 3). 

8. The radical axis of the diagonal circles is parallel to the Simson 
Line of D. 

If 40-++-4+vy=0 makes an angle 9 with BC, then 


cosC—v cosB 
6= 5 
ot vsinB—rsinC ’ 


so that for the radical axis, 


(m—n) 
la—mb cosC — ne cosB’ 


acot 6 varies as 


Hence, the radical axis is parallel to the Simson Line (Art. 3). 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


Note on Problems 267 and 268, by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


In the Messenger of Mathematics, 1874, Vol. III, page 187, Mr. Glaisher | 
drew attention to the formula: ; 


nsing (1°—n’) sin’ (2° —n?*) sin’a (3?—n*) sin? (1) 
cosx+ 38cosx+ 5eosa + 


tannx 


being <47, and unrestricted. 


al 
$ te 
| 

E 

| 

: 

0 

| 


n 1*—n?2?—n?3?—n? 


For tan 6+ T+... 


3 6.12 15.21 24.30 
~ 9+ 27+ 45 + 63+... 


Put n=3, tan == 


Put n=ni, tanh” 


and as e=—-1+ this gives a continued fraction for e'"". 


1—tanhz’ 


On page 65 of Vol. IV, 1875, Mr. Glaisher states that the value for 
tannx was not, as he had thought, original. Vorsselmann and Heer of 
Utrecht quoted it in 1833 from Euler (Mém. de l’ Acad. de Pétersbourg, 1813) 
in the form 


ntanx (n® —1) tan*x —2*) —3?) tan? 


Euler had derived it thus: 


(1+z)"+ (1—z)"__ 


1)z* (n? —2°)z? 


(nt 


Vorsellmann derived it from a transformation of 


F(8+y7, r+1, x) 
F(8+y, 7, x) 


Glaisher got it from the differential equation corresponding to y=cos(ncos~!a) 
i. e., from (1—a*) y2—axy, +n*y=0 differentiated m times, 7. ¢., (1-2?) Ym+2 
—(2m +1) Yym+ie+(n® —m*)yn=0. Then replacing « by cosx, (1) follows at 
once. Vorsellmann also gave as his own: 


mt —4)t? (n?—16)t? 


(4), terminating when 7 is even, 


nt (n* —1)t? 
5-3¢?-.. 


(5), terminating when is odd, 2t=tanz. 


her | 
| 
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Glaisher points out that (4) is gotten from (2) by substituting On 
i Mane for tan2x, and 4m for n. 
In the same way Glaisher gets 


for x and 


(m*—16)¢? (1—t*)? (n* (1—#*)* 


terminating when v is a multiple of 4. 
Putting n=0 in (2), (4), (5), we get 


tana (6) well known. 


16a? (7) 
1- + +... 


tan—x 
which is (6) with 5 2, for x. 


= 


8) due to Baler (1779). 


Since tannz only changes sign if ni be substituted for » and «i for 2, 
(2) gives us 


ntanha +1) tanh? (n?4) +tanh*x 
5—.. 


or tan|n log with) a wt) 


a formula also obtainable by replacing n by. ni in (8). 
Hence, by giving special values to « in (2), (4), and (5), and revtad 
ing n by x, we get 


Fo! 
bu 
y= 
4 — | 
Pu 
ing 
| 
_ 2x de® 4a? — 2 


2188 


—1 x?-—4 


oxo __8/33.1° 3.22 38° 
i+ 8+. 547+... 9+ 2+... 


__ 67/33.1? 3.3? 3.5? 6 1 2° 3? 


8+ 8+ 124+ 164+... 5/34 


which may also be deduced from (6), (7), and (8). 

Glaisher points out the specific advantage of getting a continued frac- 
tion from a differential equation, for not only is the result obtained ab initio 
but the remainder at any stage is exhibited in a finite form. He takes 
y=cos(sin—)/z) and its differential equation 4(z—z?) +2(1—2z) y, +n*y=0. 
Differentiate m times and we have 


A(z—z?) ym+2 +2(2m +1) (1—2z) Ym+it+ (n? —4m*) ym=0. 


Put z?=sin*4x and 2n for n and we deduce (4). 


2 
From y=cos//x we get tanx 


In Vol. VII (1878), page 67, the same ‘author gives further interest- 
ing forms: 


: 4 2 


~ T+ +... 22+ +... 


sine 2.4. 2.4.6 


1.2x° 3.40° 1 1.2 


= 


Here, putting x/)/2, we get 


V2 14+24+8+4+ 5+... 


1, 6, 15, 28 being the alternate triangular numbers. 
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. 


1+v8__1 12 84 


Be 
2° 1-4—7-10-18-... 


3.4 5.6 
2/2 4/2— 10/2-.. 


log[a+rV (1+2*)] 
V (1+2?) 


For «=1 in the expansion of 


1123.4 5.6 — 
and he compares this with 


log(1+1V/2) _ 
V2 


11.2 2.3 3.4 
1+ I+ TF... 


GEOMETRY. 


318. Proposed by G. W. GREENWOOD, M. A., Dunbar, Pa. 


Is it possible by a straight edge and sect carrier, 7. e., without the use 
of a circle, to construct a mean proportional to two given sects? 


Remark by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


The value of the length of the mean proportional can be approximate- 
ly. measured without the application of the circle, but it cannot be 
constructed by pure geometry without such application. 


318. Proposed by G. B. M. ZERR, ‘A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 
Given three radii and the distances apart of the centers of three cir- 
cles, to find the radii of the eight circles touching the three given circles. 
II. Solution by G. W. GREENWOOD, Sandee, Pa. 


Consider first the problem of describing a circle touching two given 
circles and passing through a given point. Invert with respect to the point; 
the circles in general invert into circles; draw any common tangent to them 


circ 
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Bx 
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th 
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| 2p 11284 56 
112 84 56 | 
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and re-invert into the original circles. The common tangent inverts into a 
circle through the point and tangent to the given circles. There are, in 
general, four solutions. 

Next, let A, B, C be the centers, and a, b, ¢ the radii, of three given 
circles. Suppose a is not greater than b or c. Describe circles with radii 
b—a and c—a, and centers B, C, respectively. Let X be the center and x 
the radius of a circle through A and tangent externally to these two circles. 
Then a circle, center X and radius x--a will be tangent to the three given 
circles. By obvious modifications we can, in general, get seven more circles 
touching the given circles. 

We can get the numerical values of the radii and the positions of the 
centers by means of the linear relations connecting inverse figures. 

It would be interesting to consider all the possible cases arising in 
making these constructions. For example, in the case of the escribed cir- 
cles of a triangle the sides of the triangle are the limits of three pairs of cir- 
cles and the nine-point circle is one of the remaining two circles. 


CALCULUS. 


245. Proposed by FRANCIS RUST, C. E., Allegheny, Pa. 


Prove or disprove: 
V —1) (k?a?—1) =2F! (k) + (—1).F" (1—k?)], 
Legendre’s notation, 0<k<1. 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


dx 
b= V [d—2?) (1—k?2*)] 


dx 
V 


Let = Then V —1) (k*a?—1)] 


/k dy 1/k dy 


dy 
L=2F"(k) + Vid—y) 


Let y= where k’=// (1—k?). 


Vv (1-—k 


= 
- 
. 
2 
te- 
ir 
at; 


1 V (—1) (1—-k'*2*) 


“dy 


/k 


dz 


=V (-1)F' 
=2F" (k) (—1)F" (1—k*)]. 


Also solved by the Proposer. 


246. Proposed by C. N. SCHMALL, 89 Columbia Street, New York City. 


Derive Taylor’s Series by the use of the formula for successive inte- 
gration by parts, and nothing else. 


Solution by the PROPOSER. 


ath 
Assume the identity, F(a+h) —F(a)=f (x)dz, which on integrat- 
ing the right hand member by parts, 


P(e) |" “(ath—2) (a) de 


hn 1 ath 
Hence, F(a+h)— [Fie +... | 


(=R) =F, 


We have assumed here that F(x), F’(x), F(a), ..., F"(x), F™*1(a), 
_ are all finite and continuous between the limits a and (a+h) of x; now, if we’ 
put A=F*1!(a+4h), a mean value of F”+1(x) between the limits a and 
(a+h), we have 


nt1(q+6h). 


Also solved by Francis Rust. 
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MECHANICS. 


205. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


Given two points A and B not in the same horizontal nor in the same 
vertical line; to find the path from A to B along which a particle will slide 
from rest under the force of gravity alone so that the average velocity along 
the curve shall ” a maximum. 


Solution by G, B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Let the particle start from rest at the point (#;, y;), where the axis 
‘of x is vertical and the axis of y horizontal. Then 


Since v=a maximum, t=a minimum. 


1/[1+(dy/dx)?] da _.. 

By Calculus of Variations, since the expression in the right hand 

member does not contain y explicitly, the differential of this expression is 
equal to a constant. 


dy/dx 
(dy/dx)?]— 


Cy 
V [1—2g C?(a—2,)]’ 


=+ 


the differential equation of a cycloid. This is Bernoulli’s famous problem 
and is solved in almost every work on the Calculus of Variations as well as 
Dynamics. 


206. Proposed by W. J. GREENSTREET, M. A., Editor of The Mathematical Gazette, Stroud, England. 


A rigid square ABDC made by smooth wires is fixed with A vertical- 
ly above D. Two small equal spherical elastic beads slide down BD, CD, 
starting simultaneously from Band C. Find the ratio of their velocities of 
approach and separation at D, and how far they will separate after impact. 


| 

rat- 
dy 

de 

(ar), 
and 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


The particles are sliding down inclined planes, inclined at an angle 
=== to the horizon, starting from rest. Let a=side of square, x==distance 
each particle has moved after a time ¢t. Then the velocity of each is 


(gry 2)=/ 2) at D. 


Each particle is moving toward the diagonal at a velocity =vsin}7= 
[2v (2)g9x]=4v [2V (2)ga] at D. Hence, the particles at D ap. 
proach each other with a velocity x (2) ga) = (2) ga]. 

Let e=the coefficient of restitution. . Then, since the particles impinge 
at right angles, they will separate with a velocity v,=ey/ [2)/ (2)ga], and 
will ascend DB, DA, respectively, with a velocity v,=e)/ (ga)/2). Each 
will ascend a a. 

Therefore, they separate, after impact, a distance=2e’ 

If e=1, they return to their starting points. 


AVERAGE AND PROBABILITY. 


_- 


190. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


A line is drawn at random across a regular 2n-gon; what is the chance 
that it crosses parallel sides? ; 


Solution by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Let AB, CD be two parallel sides. Through the center of the poly- 
gon O draw PQ to represent the direction of the random line. 

Let AO=r, Z AOB="/n=8, Z 

For all possible positions PQ may be regarded as lying in one quad- 
rant. The actual line parallel to PQ may hold any position within breadth 
of plane HF' (H being the most remote vertex from QP, and F foot of per- 
pendicular from H on QP) for all positions, and AE (A being the riearest 
vertex to QP and EF foot of perpendicular from A to QP) for all favorable 
positions. 

-. The chance is p=AE/HF; AE=rsin 6, HF=rcos? for n even; HF 
=rcos(4—9) for n odd. For n even, 


“tan 6d d= 2 (sec log ( sees). 


For n odd, 0 (4 log cos$/). 


us 


|= sin + 2cos ( cos) 


p= 
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191. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


Two random lines cut a given circle. What is the chance that they 
intersect within the circle? 


Solution by HENRY HEATON, Belfield, N. D., and the PROPOSER. 


Let «==the distance of one of the lines from the center of the circle, 
and 2=the angle between the lines. The length of the part of the first line 
lying within the circle is 2)/(a*—«?). For given values of x and ? the 
chance of intersection is 


2sin sin? . 
) V (a? —2*), 


and the required chance is 


0 


Also solved by G. B. M. Zerr, who gets % for the result. His solution will be published in the next issue of 
the MONTHLY. 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 


298. Proposed by C. E. WHITE, Vanderbilt University, Nashville, Tenn. 


Prove by mathematical induction that (a) + “(m—2)1 
(e—a)* 


op Sf "(a)+(a—a)f (a) +f(a) will be the remainder when f(x) is 
divided by (~—a)™. 
294. Proposed by O. L. CALLECOT, Gettysburg, S. Dak. 


Find the limit of Bed in(n +1) (n+2) (n3)" 


GEOMETRY. 


326. Proposed by L. E. NEWCOMB, Los Gatos, Calif. 


The circle C of radius pR encloses the circles A,B, of radii R and 
(p—1)R, respectively; the circle B, is tangent to A,B,C,; the circle B, is 
the circle B, to AB.C, ..., AB,-1C. Find the radius 
of the circle B,,. . 
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327. Proposed by J. C. CORBIN, Pine Bluff, Ark. 


In triangle ABC, the triangle DEF is formed by joining the feet of 
the medians and four parallelograms are also formed, viz., AEDF, BFED, 
and CEFD. Let a, b, c, d, e, f represent the three medians of ABC, ang 
the three sides of DEF. Then the sum of the squares of the six diagonals 
equals the sum of the squares of the twelve sides of the parallelograms, 
which are equal in sets of four. That is, a2+b*+c*+d*+e?+f'=4(d' +é 
+f?), or a? =8/4(AB* +BC?+CA?). 


328. Proposed by CHARLES GILPIN, JR., Philadelphia, Pa. 


.A sphere with the radius R is divided into two segments by a plane 
passed through it half way between the center and circumference. The 
smaller segment is divided into two parts by a plane passed through it at 
right angles to the base and cutting it half way between its center and cir. 
cumference. Required the contents of the two parts of the segment. 


CALCULUS. 
250. Proposed by V. M. SPUNAR, East Pittsburg, Pa. 
Differentiate (log"x). 
251. Proposed by PROF. R. D. CARMICHAEL, Anniston, Ala. 


Find in terms of x the functions c,# and c,x defined, respectively, by 
the relations (a) vlog(c,x) 
(b) 


. MECHANICS. 


210. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


A rigid triangle is formed of three weightless, smoothly jointed, rigid 
rods BC, CA, AB. At their mid points D, E, F, respectively, are small, 
smooth rings, through which passes an endless, stretched, elastic string, 
asap the triangle DEF. Find by graphical construction the reaction at 
the joints. 


211. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


A smooth elliptic wire, axis vertical, has a small ring sliding on it, 
connected by elastic strings with each focus. Either string is just 
unstretched when the ring is nearest the corresponding focus. The modulus 
of elasticity is W/n, where W oz. isthe weight of the ring. Find the distance 
of the ring from the upper foctis in the different positions of equilibrium, 
and in each case discuss the nature of the equilibrium. 


MISCELLANEOUS. 


175. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 
If x and z are connected by the relation z=zf(x) +x¢#(z), find the value 


of f(z) in the form of a power series in x with constant coefficients. In par 
ticular, give such a value of z when z=z sin x+2 cosz. 
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GEOMETRY (see Solutions of Problems in Geometry). 


MECHANICS (see Solutions of Problems in Mechanics). 
MISCELLANEOUS (see Solutions of Problems in this department). 
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i 119-126, 143-150 
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Distances 


233 
ED, 
and 
lane 
it at 
‘ing, 
“4 47-49 
98-100 
8-9 
n it, 52-54 
just 
ium, 
alue = 


234 


GROVE, C. C. The Complete Pappus Hexagon 
HALSED, GEORGE BRUCE. Remarks on the Report on Geometry of the Committee 
of the Central Association 
HAWKSWORTH, REV. ALLEN S. Co-Planar and Co-Axial Triangles in Conics___ 63-67 
KEMMERLING, HENRY. Note on a Formula for the Summation of Certain Power 


MacINNES, C. R. Finite Planes with Less Than Eight Points on a Line 
McKInngeEY, T. E. Conditions in Terms of the Invariants of the Quartic that its. 
Four Distinct Root-Points be Concyclic 
MILLER, G. A. Several Historic Problems which have not yet been solved 
Dividing by Zero 
Note on the Postulate that a Part is Equivalent to the Whole 
Library Aids to Mathematical Study 
Note on the Definitions of a Variable 
Moritz, ROBERT E. On the Symbolic Representation of Quotiential Coefficients of 
the Second Order 
SAMSONOFF, J. Three Theorems on the Trisection of an Acute Angle 
STEPHENS, R. P. Note on the Quartic 
Whites, E. E. On the Trisection of an Angle 


SOLUTIONS OF PROBLEMS.—ALGEBRA. 


Bonds, U. S. Panama Canal, etc. 279 
Equations, given two simultaneous, etc. 
If %1, %, ..., Xn, be unequal and f(x) a rational integral function, ete. 


If 2, 2, y, 8, be the roots of the genera! quartic, etc. 
Ingots of Precious Metal, etc. 273 

Inequality, to prove a certain. 278 

Find value of 2! 2) x... 

Find value of x, y, z, u, from four certain symmetric equations. 

Find value of x, y, z, u, from four certain symmetric equations. 279 
Note on Problem 266 


Remarks on solution of x°-++y=7, a+y?=11. 89 
Remarks on Problem 179, a certain solvable quintic 


GEOMETRY. 


Brocard’s Ellipse, find equations of, etc. 309 
Circle, through point within, draw any two chords, etc. 
Circle, a variable, passes through a fixed point, etc. 
Circle of given radius, given area of segment of, to find length of chord. 315 
Circles, given radii and distances between centers of three, etc. 317 
Construct mean proportional to two given sects without the use of acircle, etc. 318 226 
Curve, Algebraic, of odd degree, symmetrical with respect to center, etc. 313, 129, 153-154 
Locus, find, of point such that differences of squares of tangents from it to circles 
A,B,C, ete. 308 
Pedal line of a triangle’s circumcircle, etc. 
Perpendicular from point in space, find length of. 306 
Planes, family of, containing a common line, etc. 307 
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Parabolas, described by particles thrown from revolving wheel, to find locus of ver- 
tices of. 316 

Radii, R and R; revolving uniformly in ratio of 2:3, etc. 305 

Tangents at certain points of a cértain locus, etc. 304 

Triangle, to construct, having given base, vertical angle, and bisector of vertical 
angle. 310 

Triangle, obtuse-angled at C; 7, y, z are squares on its three sides, etc. 311 


Triangle, bounded by lines expressed in trilinear coordinates, find area_309, 129-130, 176-177 


CALCULUS. 


Catinary, osculating conic of, etc. 

Cone, right circular, standing on elliptic base, etc. 
Prove or disprove certain problem, Legendre’s notation. 
Differentiate a certain continued fraction. 241 


Expression for remainder after n terms of a development of f(«+a). 


Integrals, to evaluate certain. 233 

Latitude of place, and two parallel circles being given, etc. 235 
Pedal, first negative, of an ellipse, ete. 284 

Rectangle, jaa eR in an ellipse, etc. 


ine du 
Ox dy Ox * 
Solve (a) (aw+y*)da+t (x*+y)dy=0, 

(b) +ay—y*)dy=0.. 238 

Solve, a”y* (myda-+nady) (vydx+vady)=0. 248 
Sphere, to be formed into two cones of equal bases, etc. 
Taylor’s Series, derive, by use of formula for successive integration by parts. 246 


Triangles, of all, inscribed in circle, to find which has greatest perimeter. 239___ 
Volume common to two solids bounded by certain surfaces, find. 244 


Solve +y 


AVERAGE AND PROBABILITY. 


Average length of random hole through (a) sphere, (b) cube. 188 

Circle, through every point of circumference of, lines are drawn at random, etc. 179 

Excursion, at a sea-side, for x men there are boats enough, for g men, etc. 181__ 

Lines, out of n straight, whose lengths are 1, 2, 

Line divided into n parts by n—1 points taken at random, etc. 

Line drawn at random across regular -gon; what is chance crosses, etc. 190___- 

Numbers, in a box, etc. 

Random lines cut given circle; what is chance they intersect within circle? 191__- 

Sphere, cut by two random planes, to find chance that the planes intersect within 
sphere. 

Triangle, two points taken at random in, and line through them divide triangle, 


Triangle formed by taking three vertices of regular n-gon at random, etc. 163__- 

Triangle formed by drawing random lines through each of three random points in 
triangle, to find average area. 170 

Triangle, point within, joined to each of the vertices, etc. 
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Square, through every point of sides straight lines are drawn across amare, 
etc. 
Triangle, lines drawn from vertices of through a random point, etc. 189 
Square,. through every point of, straight lines are drawn terminating in side, 
etc. 
Urn, contains 100 balls; a=25 are stamped, at random, with the letter A, etc. 186, 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


Determine whether (2x—1)/8=a?+y* has any positive integer solu- 
tions. 
2-1(2”—1) is a multiply perfect number, etc. 
Highest factor of a prime p contained in m! is p™~*, ete. 
nm an integer>1 and set p=n(n—1)+1. Required integers, etc. 142 


MECHANICS. 


Cone, from a uniform circular, two planes cut off a portion, etc. 196 

Particles slide from rest at the focus of a parabola, etc. 195 

Planet, primary, and its satellite, revolve with uniform angular velocity, etc. 197, 

Plane, perfectly rough inclined; time of sphere to roll down, etc. 201:----.---- en 

Particles, a set of, have coplanar motion due to mutual attractions, etc. 204 

Points, two, not in same plane or line, to find path of particle, ete. 205-. 

Rigid square made of smooth wire; two small beads slide, etc. 206 

Rods, three equal uniform, pointed at B and C, are hung from a point, etc. es 

Rods, three smoothly jointed, stand like a tripod, ete. 

Spheres, three, of same material, rest upon a horizontal plane, etc. 198 

Sphere of water is brought together by mutual attraction from an infirm state of 
. diffusion, etc. 199 

String, an elastic, is laid over top of an inclined plane, so as to remain at rest, 
etc. 

Spherical bubbles of air are rising in water; find relation between radius and 
velocity. 

Train, weight 7, runs first eastward then westward in latitute 2, ete. 203 

Wedge on rough inclined plane, ete. 194 


MISCELLANEOUS. 


Boxes, several rectangular, placed in rows with uniform intervals between them, 
etc. 

Prove tan—'n/(n+1) +tan—1/(2n+1) =4-. 

Roots, find number of real, of equation 100sinx=«, etc. 

Sum to n terms, sin?+sin(¢—/)sin(#?+7) + 
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bra, p. 194; Hedrick’s Algebra for Secondary Schools, p. 194; Davison’s Alge- 
bra for Secondary Schools, p. 216; French and Osborn’s Elementary Algebra, 
p. 216. 

CALCULUS. Gunther’s Integration by Trigonometric and Imaginary Substitution, p. 24; 
Veblen and Lennes’ Introduction to Infinitesimal Analysis, p. 116; Murray’s 
Differential and Integral Calculus, p. 194; Johnson’s Elementary Treatise on 
the Differential and Integral Calculus, p. 215. 

Functions. Hobson’s Theory of Functions of a Real Variable and Fourier’s Series, 
p. 94. 
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etry, p. 216. 
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p. 215; Carus’ Foundations of Mathematics, p. 216. 

NuMBERS. Manning’s Irrational Numbers, p. 28. 

Puysics. Crew’s General Physics, p. 198; Millikan and Mills’ Short Course in 
Electricity, Sound, and Light, p. 194; Hoadley’s Elements of Physics, p. 215. 

TRIGONOMETRY. Buchanan’s Plane and Spherical Trigonometry, p. 24. 

MISCELLANEOUS. Perkin’s Metric and British Systems of Weights and Measures, 
p. 24; Anderson’s Graded Exercises in Phonography, p. 216. 
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Escort, B. Remark on the Trisection Problem... 33-34 

HILDIBRANT, T. H. Existence of a Minimum of a Quadratic Equation___..------- 57-59 

On the Determination of Conics through Two Points, the Major Axis and one 


KELLOGG, O. D. Two Theorems in the Geometry of Continuously Turning Curves, 100-105 
LuNN, ARTHUR C. A Biquadratic Equation Connected with the Reduction of a 


LEHMER, D. N. A Discussion by Synthetic Methods of the Covariant Conic of two 
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SOLUTIONS OF PROBLEMS.--ALGEBRA. 


A-and B 45 miles apart travel towards each other at rates in Arithmetical Progres- 


a, b, c, d, f, g, h, if, are all real and contain functions of those, positive, show, etc., 

Building and Loan Association, A borrows $500 and agrees to pay $9.50, ete. 46__ 138 
Cubic Equation, certain relation between coefficients and the roots. 295 ______--- 181-182 
Determinant, evaluation of certain, arising in finding inverse of certain transfor- 

Interest, for what fraction ofa year will be the greatest difference between inter- 

est computed by commercial rule and compound? 287 ___-___-_.------------- 34 
Induction, Mathematical, prove by, a certain symbolic series will be remainder, 

when function z is divided by 158-161 
Longitude, find difference of, between Philadelphia and Chicago, by means of star 

Means, find approximation to difference of sums of m harmonic and n arithmetic, 

between and a nearly equal to 6. 202 
Quintic, certain, containing only the 5th and 1st powers of x, prove solvable by 

Quintic, without solving certain solvable, prove irreducible in certain domain, etc. : 

Roots of the equation, sin mxz—nzx cos mx=0, prove certain property of. 300____- 228-229 
Series, to sum, consisting of certain numbers. 292_._..._.....-_-._----.-_--_----- 132-133 
System of Equations, discussion of, proposed by Prof. E. H. Moore. 284___.____- 60-67 


Triangle, sides and area are in arithmetic progression, find values in rational 
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